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This note details methods to solve continuous time optimization problems using the
Hamiltonian and the Maximum Principle. These are just a typeset version of the notes
I made while studying, using the material from lecture notes and figuring out the details
(primarily typo resolution). Apologies if I made any errors of my own.

1 Setup

The continuous time optimization problem we wish to solve is

V*(xg) = {urg)%io 711_{1;10 i e P h(x(t), u(t))dt (1)
s.t. &(t) = g(x(t), ut)),  =(0) = o (2)

where z € R™ is a state vector and uw € R" is a control vector. For any function
f: X xY —RF f.(z,y) denotes the partial derivative of f with respect to z. If x is a
vector in R”, then f,(z, y) is a n x k matrix. For any function of time, f(¢) is its time
derivative. If f is a column vector, so is f(t).

2 Pontryagin’s Maximum Principle

Consider the Lagrangian approach to solving problem (1). For each period ¢, we have a
constraint g(z(t), u(t)) — @(t) = 0. We can rewrite this as e " (g(z(t), u(t)) — @(t)) = 0.
Then, the Lagrangian for this problem is defined as

L= lim e P [h(z(t), u(t)) + A(t) (g(z(t), u(t)) — (t))] dt

T—o0 0

The time-varying Lagrange multipliers, A(t), are referred to as the co-state variable. Pon-
tryagin’s maximum principle provides an alternative approach to solving this optimization
problem. To do so, we must first define the Hamiltonian function, H : R™ xR" xR"™ — R,
defined as:

H(x, u, \) = h(z, u) + Ng(z(t), u(t)) (3)

The maximum principle characterizes a collection of first-order necessary conditions that
must be satisfied by the optimal solution to problem (1).
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Theorem 1 (Maximum Principle). Assume there exists an interior solution u(t) for all
t >0 to problem (1). Then (x(t), u(t), A(t)) must satisfy:

0= Hy(z(t), u(t), A1) (4)
A(t) = pA(t) — Ho(a(t), u(t), A1) (5)
#(t) = Hx(2(t), u(t), A(t)) (6)

along with the boundary condition

0= lim e " \(T)'z(T) (7)
T—00
If g(z, R™) is convez, g(x, R™) is continuous in x, and h is concave, then these conditions
are sufficient to characterize the solution to problem (1).

Proof. 1T include the proof of necessity. Sufficiency follows from the convexity conditions
and the Lagrangian. First, note that (6) is merely a restatement of the law of motion, as
Hy(z(t), u(t), A(t)) = g(z(t), u(t)). Then, revisit the Lagrangian formulation to see that

Loy = e [hy(x(t), ut)) + gu(x(t), u(t))A(t)]
= e ""H,(z(t), u(t), \(t))

By the first-order conditions implied by the Lagrangian, this equals 0. To see that
condition (5) holds, we first need to rewrite the Lagrangian to eliminate @(¢) from the
equation. Then,

/0 e PN\(t)z(t)dt = e_”t)\(t)’x(t)‘j — /O (e PP A(t) — pe PIN(t))x(t)dt
Plugging this back into the Lagrangian,
L= Jim [ e [P (t), u(®) + A®) (g((®), u(t)) = pr()) + AD)'2(t)| dt — A (2)

Then, we can use the first order condition for = to obtain
0= Lo
= e ha(w(t), u(t)) + go(2(t), w(t)A®) = pAE) +A(D)]
= A() = pA() = Halw(t), u(t), (1)

This is equivalent to (5). The boundary condition follows from the well-definedness of the
interior solution to the problem. If not, we could always perturb the path in the distant
future (which affects payoffs by very little) to modify the limiting state for non-negligible
payoff gains. O]

2.1 Caution: differentiating the maximized Hamiltonian

Using the first order conditions, we defined u*(x, A\) and the maximized Hamiltonian
H*(z, \) = H(z, u*(z, \), \). We start from H,(z, u*(x, \), \) = hy(z, u*(x, X)) +
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gu(z, u*(x, \))A = 0. H, is an n x 1 vector, so H,, and H,, are n X m matrices. The
(dimension-corrected) formulae for these matrices, as in the lecture notes, are

Unfortunately, g, was already an m x n matrix, so the term g,, or g,. is not well-defined
as a matrix in the usual sense. The derivative of g, A, which is an n x 1 vector, is still well-
defined as an m X n matrix, so the operation itself is not inappropriate. These problems
will not arise when the state or control are scalars, and I'm sure there is some correct
way of defining these higher-order derivatives.

2.2 Steady state and linearization

With the expressions for the derivatives defined as they are here, we can reconcile the
steady-state formulae for the system. From the dynamical system governing the evolution
of the costate and state variables, the steady state is defined as

Example: Neoclassical growth w/ fixed labor

H(k, ¢, \) =U(c) + A[f(k) — 6k — (]
Gives the FOCs
U'(c) = A
A= Ap+6— /()
k= f(k) -0k —c

The steady state can then be shown to be characterized by

fl(k)=p+o
c= f(k) =0k
A=U'(c)

The dynamical system of (A, k) can be written, using the optimal decision rule, as

A=Xp+06— f'(k)]
k= f(k) =0k — (U') " (N)
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Figure 1: Neoclassical growth

with the corresponding phase diagram below.

Then, to linearize the system around the steady state, we use a Taylor expansion and the
Envelope theorem (to use derivatives from the maximized Hamiltonian). The non-linear
system is

At) = ph — Hy(x, u*(z, \), \)

(t) = Hy(z, u*(z, \), \)

The linearized version is then

At) = [pl — Ho]) Mt) — Hoo2(t)

2.3 Analyzing shocks using phase diagrams

Consider a news shock about temporarily low productivity in the future in the neoclassical
growth model above. The response, due to the smoothing motive, would be a fall in
consumption today, which leads to a corresponding increase in the co-state. We can use
the phase diagram then to analyze the path of the economy back to the steady state.
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Figure 2: Response to a news shock

After the initial upward jump in the costate, the costate and capital stock increase,
following the evolution equations for the neoclassical growth model. However, at the
point when the shock arrives, the production function changes from f to f which has a
lower marginal product of capital uniformly. When the productivity change takes effect,
capital stock begins to decline as the k is determined by the new production function,
with the k& = 0 locus being the dotted line in the phase diagram. As the shock dissipates,
the economy returns to the saddle path, and returns to the steady state thereafter.

In this model, we can alternatively analyze the impact of the shock by looking at a
system of (c, k) instead of (A, k) due to a one-to-one correspondence between ¢ and A.
Using U'(c) = A, write A = U"(c)é. Then,

) = Gy (£ =5 =

~—

Then, consumption falls when f/(k) < p+  and increases otherwise. The same news
shock, with analogous effects, can be represented in the (c, k) phase diagram below.
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Figure 3: Response to a news shock in (¢, k) space

3 Tobin’s Q

3.1 Linear adjustment costs

The problem at hand is

s.t. k(t) =i(t) — ok(2)
0 <i(t) < f(k(t))
where f is strictly increasing, strictly concave, and satisfies the Inada conditions. The

constraint 0 < i < f(k) is the (linear) adjustment cost: investment can be neither
negative nor larger than output. The Hamiltonian is

H(k,i,q) = f(k) —i+ q(i — 0k)

Since H is linear in the control with slope H; = ¢ — 1, maximizing over ¢ € [0, f(k)] yields
a bang-bang policy with three cases,

1=20 ifg<1
i o, f(8) ifg=1
i= f(k) ifg>1

The remaining first order conditions are

G=pq—Hpy=(p+9)q— f'(k)

k=1i—0k



The k = 0 locus is the horizontal line ¢ = 1 (where interior i = §k is admissible), and
the ¢ = 0 locus is ¢ = f'(k)/(p + ¢), which is downward sloping by concavity of f. The
phase diagram is below.
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Figure 4: Phase diagram, linear adjustment costs

The optimal policy and its recursive solution

Consider the stationary policy ¢ = u(k) defined by

u(k) =0 if k> k*
u(k) = 6k if | = k*
u(k) = f(k) if k< k*

where k* solves f'(k*) = p + d. Along the saddle path of the phase diagram, ¢ and k
move together so that

k=k <— ¢q=1 <= H;=0
k<k®* < q>1<«<= H;>0
k>k < ¢<1 < H; <0
which is exactly the sign pattern that makes u optimal: H; < 0 calls for ¢ = 0, H; > 0

for i = f(k), and H; = 0 leaves i interior. The system can therefore be solved recursively.
First solve the autonomous law of motion

k= u(k) — ok



forward from k(0).! Given the path k(t), the costate solves the linear equation ¢ — (p +
§)q = —f'(k). Multiplying by the integrating factor e~(°+9),

d

(e (1)) = —e W k()

Integrating from ¢ to T,
T
e PHIT(T) — e PHg(t) = — / e~ [ (k(s)) ds
¢

Letting 7' — oo, the transversality condition e=*t)T¢(T) — 0 leaves —e~(P+q(t) =
— [ emPr0s f1(k(s)) ds, ie.

a(t) = / " 6 f1 k() d

so q(t) is the present value of future marginal products of capital, discounted at p + 0.

3.2 Smooth adjustment costs

Now consider the problem
V(ko) = z-%‘,%}go/om e [f(k:(t)) i) (1 +o (%))} dt
s.t. k(t) = i(t) — ok(t)

with no restriction on i. The quantity i ¢(i/k) is the total adjustment cost incurred over
and above the purchase price i of the investment good. We assume

B/ 20, 6E)=d O =0, S/ 20, 26G/K) +16"/k) >0

the last condition guaranteeing convexity of the adjustment technology. The Hamiltonian
is

H(k, i, q) = f(k)—i (1 +¢ (%)) +q(i — 6k)

with first order conditions

e e ()
i=pa— He = (p+ )1 - [f’(k) (1) (E)]

k=1i—0k

where we used Hy, = f'(k) + (i/k)*¢'(i/k) — qd.

'T'm not sure this is the easiest to do analytically.



The investment rate

Let © = i/k. The first order condition H; = 0 reads

¢ =1+ ¢(x) +x¢'(x) = b(x)

Differentiating,

0 (z) = ¢'(z) + ¢'(z) + 2¢"(z) = 2¢/(x) + 2¢"(x) > 0

by the convexity assumption, so 6 is strictly increasing and invertible. Writing z = v(q) =
6~1(q), the inverse function theorem gives

, B 1 B 1
9= 500~ 900 1 @F @)

In terms of x, the dynamics read

0= (p+ O)q — a0/ (2) ~ 1K)

o =i— 6k = k(z — 9)

>0

and substituting = y(q) gives the system in (q, k),

i=(p+98)q—)°¢ () — (k)
k=k(v(g) —9)

An alternative form and its interpretation

Multiplying ¢ = 1 + ¢(z) + x¢'(x) through by z,
qr =z + 2d(z) + 2°¢/ (2) = 2°¢/(z) = gz — z(1 + ¢(x))
Substituting into ¢ = (p + d)q — 2?¢'(x) — f'(k),
¢=(p+0)q— gz — (1 +¢(x))] — f'(k)
=q(p+0—x)—[f(k) —2(1 + ¢(x))]

The bracketed term f’(k) —x(1+ ¢(x)) is the marginal benefit of investing: the marginal
product of capital net of the per-unit-of-capital cost of investment (purchase plus adjust-
ment). This linear equation in ¢ solves forward to

aft) = [ e HO D [ h(r)) — ()1 + 6(a(r))]
t

which one verifies by differentiating in . Thus ¢(¢) is the present value of the marginal

benefits of capital, discounted at the effective rate p + 0 — x. The adjustment to the

discount rate appears because k/k = x — § is the proportional growth rate of capital.



The ¢ = 0 locus

Setting ¢ = 0 gives

a(p+6) —v(0)*¢ (v(q)) = f'(k)

Provided p + 6 — v(q) # 0, the implicit function theorem lets us solve for ¢ = n(k).
Totally differentiating in k& (with ¢ = n(k)), the chain rule gives

0= [p+0—2v()7 ()¢ (v(a) —(@)*¢" (V@)Y (9)] ' (k) — f" (k)
so that, collecting the 7/(¢q) terms,
F'(k) = [p+ 06— (2v(0)¢'(v(q) +v(@)*¢" (v(a))) ¥ (a)] o (k)

Now 2v¢/'(y) +7%¢"(7) = v (2¢’( ) +7¢"(7)) = v0'(7), and since 7'(q) = 1/0'(7(q)) the
product collapses to v 0'(7y) - 57— = 7. Hence

2

f/l( )

f'(k) =lp+d6—=~nk)]n' (k) = n'(k) = p+6—~(n(k))

Steady state

At a steady state k = 0 requires v(q*) =4, so
¢ =00)=1+¢(0)+d¢'(6) =1

using ¢(8) = ¢'(6)d Then ¢ = 0 gives ¢*(p + 0) — §°¢/(§) = f'(k*), and since

Bo5) 506/ 5)) 0,
(k) =p+9, ¢ =1, it = 0k*

Evaluating the slope of the ¢ = 0 locus at the steady state, where y(n(k*)) = (1) =6,

frk) R

Ik*: —
n (k") Py P

The phase diagram is below.

2If k is restricted to a suitable region so that 7 stays below p + &, this condition holds; in particular
it holds in a neighborhood of the steady state, where v = § < p 4+ 6. Globally the map need not be
single-valued: as k — 0 the Inada condition forces f’(k) — oo, hence ¢ — oo and & = y(¢) — o0, so z
crosses p + § at a finite k < k* where the locus folds and 7’ blows up.
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Figure 5: Phase diagram, smooth adjustment costs

Linearization

Linearizing the nonlinear system

q=(p+0)q—(a)*¢'(+(a)) — f'(k)
k=k(v(q) —9)
around (¢, k) = (1, k*), using (1) = 6 and 7/(1) = 1/0'(5) = 1/(2¢'(9) + d¢"(9)). For

the costate, the g-derivative of v(q)*¢'(v(q)) evaluated at ¢ = 1 is, exactly as in the 7/
computation,

2y(1)y'(1)¢' (v(1)) +7(1)*¢"(v(1))7' (1) = (1) =
so that
qg~[(p+0)—0l(¢—1) = f'(k")(k — k") = p(g — 1) — f"(kK")(k — k)

For the state, k = k(y(q) — 6) has 9k/0k|, = (1) — 8 = 0 and 9k/dq|, = k*v'(1), so

b~ (1) = 6] (6= ) + K7 (Dfg = 1) = g tesla = 1)

or, writing § =q — 1 andl%:k—k*,

A (k)
m_ﬂm " 2¢,(5>]%5¢,,(5> ’
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Eigenvalue and speed of convergence

The characteristic equation is

:0_>‘ _f”(k*) (ke
S"(k")
det(H — M) = det k* =—(p— M)A+
-2 2¢/(0) + 09" (0
FIOERTZ0 5(6)+650)

2¢/(0) + 6¢" ()

Since f”(k*) < 0 the constant term is negative, so the roots have opposite signs (a saddle).
The stable (negative) root is

B 1 ) 4k1*f//(k‘*) 1/2
A“EF_@‘MW+MW)]

Defining the curvature of the production function

B _k*f/l<k*)
BT
and using f'(k*) = p + 0, so that
* £ *_k*f”(k*) TR\ o £ —

we can write

1 ) 4(p+9)e 12
A‘GP‘@+MW+MW>]

Let ¢ = 2¢'(6) + 0¢”(J) measure the curvature of the adjustment technology. Then |A_|
is increasing in € and decreasing in (: convergence is faster when the production function
is more concave (a larger loss from being away from the steady state) and slower when
adjustment costs are steeper. Diagonalizing # = ®10® and setting z = ®[g, k]’ gives
Z = Oz, so the stable mode decays at rate |A_| and convergence is faster the larger |A_|
is.

Slope of the saddle path

Let ¢ = s(k) describe the saddle path and s’ = §'(k*). Since s’ = ¢/k but both vanish at
the steady state, L’Hopital’s rule gives

@3/4_@

8/: aq ak _ pS/_f//(k*>
ok , Ok L
a—qS "‘% C



using Ok /Ok = 0 at the steady state. Hence s’ solves the quadratic
2 K

(ﬂ-zzpﬁ—fﬁﬁ)

and we take the negative root,

B ( 5 4l€*f”(k’*>>l/2
P G < p—(p2+.4<p+6>s>”2
2k* /¢ 2%+ ¢

Comparative statics of the saddle path

If —f” increases (i.e. € 1), then s’ |: the saddle path steepens and, as we saw, capital
converges faster. As f” — 0 (¢ — 0), s — 0 and convergence becomes extremely slow: a
change in the capital stock brings no change in productivity, so ¢ stays near 1 and there
is almost no force pulling capital toward k*.

The dependence on ( takes more care. To organize the algebra, write
Ap+8)e\ ¢
R=|(p+ L1 —= "= — R

s that R? — p* = 4(p+ 8)=/C and dR/dC = - (~4(p+0)2/¢?) = —2(p + )2/ (C*R).
By the product rule,

ds" 1 ¢ (drRY_ 1 (p+0)e
T 'R)+_2k*< dg) B AR =Yo7

The first term is precisely s'/{. Factoring it out,

ds' s (p+d)e ¢
d—c—z[”m'ﬂ

and substituting s’ = ((p — R)/2k*, i.e. (/s = 2k*/(p — R), the bracketed remainder
simplifies using 2(p + 0)e/¢ = (R* — p?)/2:

N 2 2 _
1+(P+5)€' 2k :1+M:1+R—p:1_R+p:R P
k*R ((p—R) (R(p— R) 2R(p — R) 2R 2R
Therefore
ds s R-—p
2 2.2 F )
i ¢ 2R °

since 8’ < 0 and R > p > 0. The saddle path steepens as ( rises.
The two limits are instructive. Writing p— R = (p*>—R?)/(p+R) = —4(p+0)e/(((p+R)),

,_ ¢ __2(pt9)e
= o P )__m@+3)

S
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As( — 0, R — oo and ¢’ — 0: with negligible adjustment costs capital jumps essentially
instantaneously to k* while ¢ stays at 1, so the saddle path is horizontal. As ( — oo,
R — p, and using (p + §)e = —k* f"(k*),

p o 2pt+d)e  (ptd)e K)o
s — 2 Eraa =n'(k")

the saddle path approaches the ¢ = 0 locus: when adjustment is prohibitively costly the
economy crawls along the 7 locus, and convergence (governed by |A_| — 0) is very slow
even though the path itself is steep.

The value function

Since q(k) = V'(k) and ¢ > 0, the value function is increasing. Along the saddle path
q(k) = s(k) with s’ < 0,s0 V"(k) = ¢'(k) = s'(k) < 0 and V is concave. The ratio V' (k)/k
is the market (book) value of capital per unit installed — the firm’s stock price — i.e.
the average value of capital, while ¢(k) = V’(k) is the marginal value of an additional
unit. Thus V' (k)/k is average ¢q and ¢(k) is marginal q.

The linear case

Finally suppose f(k) = wk. This arises from an underlying neoclassical production
function F'(k, [) that is homogeneous of degree one, strictly quasi-concave, and satisfies
the Inada conditions. Given the capital stock, the firm chooses labor to maximize sales
net of the wage bill,

max F(k, 1) —wl

with first order condition Fj(k,!) = w. Because F' is homogeneous of degree one,
its partials are homogeneous of degree zero, so Fj(k, 1) = Fi(1,1/k), and the opti-
mal labor-capital ratio I[/k = A (w) solves w = F;(1, A(w)). FEuler’s theorem gives
F(k, 1) = Fy(k, )k + F,(k, 1)l, and applying degree-zero homogeneity to each partial,

F(k, 1) = Fu(1, I/k)k + Fy(1, 1/k)l
z

F(k, 1)
2

= Fu(1, I/k) + F(1, 1/k)

|

Evaluating at [/k = A(w) and using Euler’s theorem once more,?

Fk, 1) —wl 2 ~ U P, Mw)) — wA(w) = Fy(1, Aw)) =

Thus max; F'(k, ) —wl = 7k with 7 = F(1, AM(w)) —wA(w) independent of k: the indirect
profit function is linear in capital.

3This is slightly different from the expression in the notes, which leaves out the w.
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